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ABSTRACT

In [19] we specified robot grippers that can orient
and grasp parts with an arrangement of trapezoidal
jaw modules. Since jaw modules may be imprecisely
machined, we define a parametric tolerance class
such that part alignment is guaranteed for all jaw
geometry in the class. This tolerance class is derived
based on analysis of toppling, motion trajectory, and
form-closure. Given maximal jaw geometry from the
previous algorithm, we describe an O(n®) algorithm
to compute the parametric tolerance class based on
maximal and minimal jaw specifications. We have
implemented the algorithm and report results from
physical experiments.

1. INTRODUCTION

Although grippers are widely used for automated
manufacturing, assembly, and packing, the design of
gripper jaws is often ad-hoc and suboptimal. In
industry, 4 DOF robots, such as SCARA arms, and 1
DOF parallel jaw grippers are common due to their
low cost and high reliability. The combination of
these two devices is kinematically limited to orient-
ing parts in the horizontal plane. Zhang and Goldberg
[19] gave an algorithm to design jaws based on trape-
zoidal modules that will align parts in the vertical
plane and grasp them in form closure. Thealgorithm
finds jaws that achieve maximal contact at the final
grasp configuration to maximize resistance to applied
forces.

For many industrial applications, it may be pref-
erable to use jaws with smaller contact area, for e«
ample to minimize gripper weight for high-velocity
transfer. Furthermore, machined jaws may not pre-
cisely comply with the specified maximal contact
geometry. In this paper we consider variationsin jaw
shape and define a tolerance class for jaws based on
maximal and minimal contact areas.

Let Jnax denote the jaw specification from [19]
that achieves maximal linear contacts with the part at
its desired final orientation. Let J denote an instance
of jaw geometry that is defined by an arrangement of
trapezoidal jaw modules. We say J is admissible if it
will rotate the part to the desired orientation and
achieve form-closure. Let Jmi, denote the admissible
jaw geometry with minimal contacts at the desired
orientation of the part. Figure 1 shows Jmax and Jmin

for a given part: both align the part to the desired
orientation and achieve a form-closure grasp on the
part. The tolerance classis bounded by Jyax and Jnin.
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Figure 1 Black trapezoids illustrate the maximum and
minimum boundaries of the jaw tolerance class for
the part shownin gray.

Asillustrated in Figure 2, the gripper with trape-
zoidal jaw modules rotates the part from its initia
resting orientation (@) to the desired final orientation
(b) for assembly. Our gripper design builds on recent
results in toppling manipulation [8]. Zhang et al. [17]
propose the toppling graph that can be used to iden-
tify the location of contacts permitting toppling.
Zhang et al. [18] apply toppling to grasping and find
four frictionless point contacts that will align a given
part in the vertical plane. [19] gives an O(n®) dgo-
rithm to compute the maximal jaw design with linear
contacts that has the following properties: (1) It is
able to align the part from the initial orientation to the
desired final orientation; (2) It has maximal (linear)
contact with the part at the desired orientation of the
part; and (3) It achieves a form-closure grasp on the
part at its desired orientation.

In this paper, we develop atolerance class speci-
fied as a range of trapezoidal jaws. Each jaw module
is determined by the locations of two vertices that
make contact with the part in its final grasp configu-
ration. The line segment between these two vertices
represents an accessible segment on an edge of the
part at its desired orientation. The accessible segment
corresponds to an edge of the jaw module that is nei-
ther horizontal nor vertical.

! Thiswork was supported in part by the National Science Foundation under CDA -9726389 and Presidential Faculty
Fellow Award IRI-9553197. Research funding was also provided by Adept Technology, Ford Motors, and Califor-

nia State MICRO Grant 00-032.

2 For more information contact: goldberg@ieor.berkeley.edu.



(a) [i=1]
Figure 2 Gripper with trapezoidal jaw modules b-
tates the part in the gravitational plane to facilitate
assembly.

There are three types of vertices in the set of ac-
cessible segments: one pushing vertex, one toppling
vertex, and other vertices namedtips. Asillustrated in
Figure 3, we define a single variational parameter |
along the edge at each tip. Asis common in toler-
ance analysis, we assume perfect form: dl jav mod-
ules in the tolerance class have perfect linear edges.
We define the tolerance class by fixing the pushing
and toppling vertices and computing how far the tips
can be expanded or contracted along the accessible
segments. Note that we define a single common tol-
erance parameter | for all tips.

v

Figure 3 Variational parameters along an accessible
segment of ajaw module.

We present an O(n®) algorithm for testing if a
jaw specification J is admissible. Given Jmax, We then
present an O(n°) algorithm to compute the tolerance
class.

2. RELATED WORK

[9], [11], [12], and [15] survey the status quo and
mathematical approaches to tolerancing. Neumann
[10] describes a new standard, Y 14.5M, which pro-
vides a mathematical basis for dimensioning and tol-
erancing.

A fundamental problem in geometric toleranc-
ing is classification: given a part, is it within toler-
ance? Yap and Chang [16] give an example using a
1-dimensional probe model.

Configuration space can provide a theoretical ba-
sis for tolerance analysis. Donald [5] studies part ma-
nipulation with geometric uncertainty. He considers
shape variations as an additional dimension in a gen-

eralized configuration space and describes multi-step
error detection and recovery strategies. Joskowicz et
al. [6] present kinematic tolerance in term of configu-
ration space and develop a worst-case tolerance
analysis algorithm for 2DOF planar pairs. Sack and
Joskowicz [13] extend the analysis to multi-pair pla-
nar mechanisms with statistical geometric variation.
They aso model general planar part pairs using 3
dimensional configuration-space to capture both
quantitative and qualitative kinematic variation [14].

Latombe et al. [7] considers assembly sequence
planning problem with toleranced parts. They give a
polynomia time algorithm to decide if an assembly
seguence exists given the specified tolerances. Their
tolerance model is similar to ours in that both
approaches fix the relative orientation of edges.
Akella and Mason [1] develop a planner to generate
orienting plans for toleranced polygonal parts. Their
tolerance model is defined by circular uncertainty
zones around the nominal positions of the COM and
the vertices. Chen et al. [4] propose parameteric
tolerance classes for sensorless part orienating and
fixturing. Each are defined by a uncertainty zone at
part vertices. They develop algorithms to compute the
boundaries of the tolerance class. Brost and Peters[3]
give an algorithm to design 3D modular fixtures for
toleranced parts that are specified by an uncertainty
polygon at each vertex. Bohringer et al. [2] show that
toleranced parts can be oriented using an elliptic
forcefield.

3. PROBLEM DEFINITION

Let | denote the input to the maximal jaw design d-
gorithm in [19]: the n-sided convex projection of an
extruded polygonal part, its COM, its initial and de-
sired orientations, vertex clearance radius € mand
g friction coefficients of gripper-part and surface-
part, respectively.

We first consider problem (1), testing if a given
J is admissible (will rotate the part and hold it in
form-closure). The input to problem (1) is <I, J>.
The output isbinary: yesif Jisadmissible; noif not.

We then consider problem (2), finding the
lower boundary of the tolerance class. The input of
problem (2) is<l, Jmax>. The output iSJnin.

Figure 4 Notation.



As shown in FHgure 4, the part sits on a work-

surface at an initial resting pose. We define the World
frame, W, to be a Cartesian coordinate system origi-

nating at pivot point P with X-axis on the surface
pointing right, Z-axis vertical to the surface pointing
up. The pushing contact, A', isadistance zy from the
surface; the toppling contact, A, isadistance z, from
the surface. Starting from the pivot, we consider each
edge of the part in counter-clockwise order, namely
€1, &, ..., €,. The edge e, with vertices v; at (x;, z)
and V(i+ 1y at (Xi+1), Zi+1)), isindirection y; from the X-
axis.

Let gdenote the rotation angle of the part from
the +X direction; initially =0 and at the final orien-
tation g=qy. We say an edge e is visibleif it can be
seen from +X direction; invisible, otherwise.

We assume the part can be treated as arigid ex-
trusion of a polygon; both the part and the jaws are
rigid; part geometry and location of the COM are
known; part motion is sufficiently slow to apply
quasi-static analysis.

4. TOLERANCE ANALYSIS

The tolerance analysis is a combination of toppling,
motion trgjectory, and form-closure study.

4.1 Toppling graph

Our analysis involves the graphical construction
of aset of shape functions that represent the mechan-
ics of grasping. All of these functions are piecewise
sinusoidal and dependent on g They map from part
orientation to height: S'® A*, where S' is the set of
planar orientations. The shape functions include ver-
tex functions Vj(g), toppling functions H;(g), and
jamming functions J;(9).

N

) AV
|_h 80.%\

N

Figure 5 Toppling Graph.

The toppling graph, which consists of these
shape functions, helps us to identify the range of the
contact permits toppling. Each function represents a
particular property of the part, and the graph de-
scribes properties of the part during grasping.

For toppling to be successful, there must exist a
horizontal line at height h that has the following
characteristics:

1. h>Hi(g), if Vi(g <h < Vi:1(O); #1
2.h> Ji(9),if Vi(9) < h< Vi1 1(9); #2
3. h<max (Vi(Q), where0 < g<a}. #3

wherei istheindex of visible edges.

The first three criteria can be described as: the
toppling contact A must be above the toppling func-
tion, the jamming function, and the liftoff function.
When the horizontal line crosses a vertex function,
there is a contact edge switch. Therefore, A must sa-
isfied criteria 1 and 2 for the new contact edge. The
third criterion requires that A must make contact with
the part.

For example, we want to rotate a sample part 35°
for assembly. Figure 5 illustrates the toppling graph
of the part given zy = 0.5cm. Note that H, and J,
equal 0. We can see that A at zy = h; isunable to top-
ple the part to the desired orientation because the line
goes under Hs after rotating to ¢p; Aat zy = hy isca-
pable to perform the task. Notice that A switches con-
tact edgefrom e, toe; at .

Given za, the toppling graph alows us to find
the feasible range of zx such that the corresponding A
and A’ can rotate the part from the resting orientation
to the desired orientation.

4.2 Trgjectory analyss

To ensure no portion of the jaw blocks the part
rotation, we define quasi-vertex functions to represent
the motion trajectory of vertices.

The part performs both rotation and linear trans-
lation during toppling. We decompose the part no-
tion into pure rotation and pure translation. The part
first rotates about pivot point P to semi-position, and
then translates to actual-position. Let (qX;, qz) and(q
X'j, q Zj) denote the actual-position and the semi-
position of vertex v; after the part is toppled by g
respectively. Let (X, 4 z) and (4 X'}, 4 Z;) denote the
actual-position and the semi -position of vertex v; after
the part is toppled to its desired orientation, respec-
tively. Let g% and gx; denote the distance between the
actual-position and the semi-position of any point
after the part is toppled by gand ¢, respectively. To
obtain a quasi-vertex function, we define a frame of
reference F; at the desired orientation of the part
originating at v;. The Z-axis of F; is the interior nor-
mal of edge gj.1), and the X-axisis on edge g.1) obey-
ing theright-hand rule.

Given z,, the quasi-vertex function Qu(q z) in-
dicates the location of v in F; as the part rotates,
which can be shown to be:

Qu(g = @ 2)0
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We represent the motion tragjectory of the edges
of the part based upon the quasi-vertex functions, and
then we derive the accessible segments of the jaws.
To guarantee no obstacle blocks the part rotation, the
jaws should stay away from the motion trajectory of
the edges.

The quasi-vertex function describes the motion
trajectory of the part. Note that the quasi-vertex func-
tion is the projection of configuration-space (x, z, 9
onto the plane of (x, 2); the shape function is the pro-
ject of configuration-space (x, z, g onto the plane of
(g 2. Therefore, the shape function and the quasi-
vertex function are both the decomposition of the
configuration-space. The reason we apply C-space
decomposition is that, in order to reduce complexity,
we only need to keep a portion of the configuration-
space information that is necessary for certain analy-
sis.

4.3 Problem (1): Checkingif Jisadmissible

To solve problem (1) — checking if agiven Jis
admissible, we first test if J will achieve form-closure
on the part.

Starting from the one closest to P, we order the
vertices of J in counter-clockwise @i, b1), @2, b),
..., @m, bm). Let Vi denote the unit normd vector
pointing inward at (ax, by), Vka (Vks) denote the X (Z2)-
axis projection of this unit vector, and Ty denote the
torque of V respective to P.
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Let M denote g\/lb VARVA v U, let w

mbl]
€T, T, T, .. T.H
denote [Wl W, W, _.Wm]f .
It is well known that J generates a form-closure

grasp on the part if and only if $ w >0, st. Mw =0.
Therefore, to check the form-closure grasps is

equivalent to solve a system of equations and can be
donein O(n®).

Second, we need to test if Jis able to rotate the
part to the desired final orientation.

Since the part is rolled by the pushing contact
and the toppling contact, we need to identify these
two points. These two contacts are only vertices that
keep touch with the part during the toppling phase.
This can be done easily intime O(n).

Known the height of the pushing contact zx-, we
construct the corresponding toppling graph. If h=2z,
satisfies inequality #1 ~ #3, the pair of Aand A’ can
rotate the part to the final orientation. Since the time
to obtain a toppling graph is O(n), this step takes
Q(n).

Finally, we need to consider if any portion of J
will block the part’ strgjectory.

Figure 6 Motion trajectory of the part.

From equation #4, we have:

2 2 - 1] ] 1 1
ijk +szk - (qu-dxj+q)(t-d)§)2+(qZk-de)2-

Therefore, the intersection between Q(g) and the X-
axisof Fjisat:

.2 .2
Xk = \/gdxlj-'-dxl) - (&X'k"'q»)(:)g +§zk' dzljg

where ( satisfies:

szk(élle) =

- (E,X'k_ aX +dxl_ aX)sinfy ., +ay) +(azk- aZj)cosly . +qy)
=0.

Figure 6 illustrates the motion of the part. O is
the origin of F; at v;, and | isthe intersection between



the quasi-vertex function and the X-axis of framesF;.

Therefore, xj is the length of ﬁ . We project ﬁ to
the X-axis of W, and the length of the resulting seg-

ment is (4 X +4X)- ((;X'k+q~xt) : we project Ol

to the Zaxis of W, and the length of the resulting
segment is - Z', - 4Z'; . If X of Jissmaller than that
q

of Jnax (Where j and k correspond to all the visible
edges), no portion of the jaws will become an obsta-
cle in the trgjectory. We compute x; of J and that of
Jmax, @and compare these two values for al j and k.
Thu3s the algorithm to solve Problem (1) runsin time
on?).

4.4 Problem (2): Computing thetolerance class

[Imin» Jmax] defines a tolerance class. the wn-
countable set of grippers with jaws having edges par-
ald to Jmin and Jmax and volume within these lower
and upper boundaries. We first prove the convexity
of the tolerance class: if JT [Jmin Jmad, J Must be
admissible. Then we describe an algorithm to find
Jmin by searching the upper bond of | .

Lemmal IfJIT [Jmin Jmax], J Must be admissible.
Proof: Note that both Jyin and Jnyax are admissible
by definition.

(1) CanJ topplethe part to desired orientation?

First, we consider the toppling conditions. Since the
pushing contact and the toppling contact are the same
for al Jin the class, the toppling condition of Jisthe
same as that of Jnax. Second, we consider the part’'s
motion tragjectory conditions. The smaller J, the less
likely it will block the motion trajectory of the part.
Since Jmax IS the geometry shape that guarantees no
collision in the part's motion trgectory and Jis
smaller than Jnax, J satisfies the motion trajectory
conditions. Therefore, J is able to topple the part to
desired orientation.

(2) Can J achieve a form-closure grasp on the part at
its desired orientation?

J is larger than Jyin. Since Jmin achieve a form-
closure grasp on the part at its desired orientation, J
must have the same property.

In summary, J can topple the part to desired orienta-
tion and achieve a form-closure grasp on the part at
its desired orientation. Therefore, Jisadmissible.

Lemma2. | must be nonnegative for J.

Proof: Assume that there exists al that is negative
for certain jaw geometry J. Then, the total length of
the contact edges of J are longer than that of Jmax
because | < 0. Since Jnax has maximal contacts with
the part at the desired orientation, some portion of J
will become an obstacle in the part rotation trajec-
tory. Therefore, | can only be nonnegative. n

Numerical Algorithm: We use binary search to find
the maximum variational parameter |. By Lemma 2

| must be nonnegative. We choose a small positive
number d Starting with | = d we use the algorithm
for Problem (1) to check if the corresponding J is
admissible. If so, wetry | =2d and so on, until | is
sufficiently large that J is not admissible. We then
interpolate to a desired level of accuracy and the cor-
responding J is Jmin.

5. IMPLEMENTATION RESULTS

We verify our shape tolerance agorithms by the fol-
lowing example. The part is initidly at the stable
orientation defined by the vertices at (0,0), (51.2, 0),
(64.1, 57.2), (375, 96.2), (-32.2, 44.6), and COM at
(21.9, 42.3). We need to rotate the part 20° to final
orientation for assembly.

a; 46.41 b 1 21.64
a 3HA b, 7897
az 3HA bs 7897
ay 593 b, 95.61
as -6.65 b5 103.08
dg -39.76 b6 42.04
ay -48.04 b7 26.78
as 617 bg 455

Table 1 Optimal jaw design: vertex location.

We find the optimal gripper jaw design as shown
in Figure 7. Tablel indicates the location of the jaw
module vertices. The toppling contact is at @z, by)
and the pushing contact is at (ag, be). We apply our
agorithm to find the upper bond of | equals 22 as
illustrated in Figure 8.

Figure 7 Jmax rotates the part and graspsit securely at
the desired orientation.

We conducted physical experimentsto verify our
results on the example part. Two sets of jaws were
machined from aluminum. The friction coefficients
are m= 0.0875 and g = 0.0875. The first set is Jmax
as shown in Figure 7. The second set isJmnin as shown
in Figure 8 We installed these two sets of the jaws
onto an AdeptOne industria robot. We tested each
Jmax and Jnin 50 times to aign the part and observed
zero failures. Figure 7 and 8 illustrate, in sequence,



both jaw sets successfully mtate the part to the de-
sired orientation and grasp it securely.

Figure 8 Physical experiments for Jmin.

6. DIscuUssION AND FUTURE WORK

It is very difficult to characterize the grasping pro-
prieties of the jaws with uncountable shape uncer-
tainty. Therefore, we intend to quickly check the
orientability of jaws during interactive design cycle.
Algorithms with low complexity, such as those de-
scribed in this paper, can provide rapid feedback to
designers.

We propose arigorous parametric tolerance class
to address the shape uncertainty of the gripper jaws.
We study shape tolerance of the jaws in terms of top-
pling graph, part’'s motion tragectory, and form:
closure. We present a fast checking algorithm, and
use it to compute the tolerance class. We implement
the algorithms and illustrate with physical examples.

In the future, we will study sensitivity to changes
in friction coefficient and consider alternative materi-
alsfor gripper jaws. We will also consider sensitivity
in jaw shape normal to the contacting surfaces, which
may justify use of deformable materials such as rub-
ber for the contacting surfaces. Theideaisto design
jawsthat are also robust to variationsin part shape.
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